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ABSTRACT

In this paper, we investigated the tetrahedral structure of supercooled water at ambient pressure and its
influence on dynamic relaxation by comparing simulation results of TIP4P/2005 and SPC/E water models.
The globally tetrahedral structure of supercooled water was characterized with the second-peak maxi-
mum and a deep first minimum in the radial distribution function g(r) of O-atoms and the reverse order
in magnitude between the first two peaks of structure factor. The locally tetrahedral structure was spec-
ified by molecules, which and their neighbors up to the second hydration shell all have four H-bond coor-
dinators. These molecules are referred as low-density liquid (LDL) and the others as high-density liquid
(HDL). The water dynamics relaxation was studied through the self-intermediate scattering function, the
non-Gaussian parameter, and the polarizability anisotropy time correlation function. Indicated by our
simulations, the temperature dependence of the stretched exponent describing the o-relaxation dis-
played a small peak in the supercooled regime above the Widom line (WL), where LDL at the peak tem-
perature was roughly one fourth of the total. The stretched exponent depicting the polarizability
anisotropy relaxation was found to be insensitive to temperature, consistent with the experimental
results. Above the WL, all relaxation times studied displayed a power-law temperature dependence with
a consistent singular temperature for each model. The inverse relaxation times showed exponential func-
tions of two-body excess entropy due to translational motions, where the entropy exhibited a logarithmic
temperature behavior with a singular temperature close to that of relaxation time. This result leads to a
conclusion that excess entropy is a quantity to describe dynamic relaxation of supercooled water in the
thermodynamic region where the mode-coupling theory works. The water structure that causes the two-
body excess entropy is illustrated and the contributions of HDL, LDL, and their mixing are also shown,
where the mixing contributes significantly as near the WL. Below the WL, the formula based on the
two-body excess entropy may no longer be valid.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

them is still elusive, because of homogeneous nucleation to ice
near Ty ~ 235K, hindering our understanding about supercooled

Water is well known for many anomalous behaviors relative to
simple liquids, having influences on our daily life and chemical,
biological, and geological processes [1]. At ambient pressure (AP),
water exhibits a density maximum at 4 °C. Below the melting
point, the isothermal compressibility, isobaric heat capacity, and
the magnitude of thermal expansion coefficient of supercooled
water increase dramatically upon cooling [2,3] and seem to diverge
in a power law near 228 K [4]. Though several scenarios have been
proposed to explain these anomalies [5-9], the origin to cause
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water below Ty.

The existence of two distinct local structures in supercooled
water was suggested by experiments [10-12] and simulation stud-
ies [13-17]. The two forms of local structure are characterized with
tetrahedrally ordered H-bonds and strongly distorted H-bonds
[3,10]. In the liquid-liquid transition (LLT) scenario [18,19], super-
cooled water at low pressure can be described as a mixture of the
two forms of local structure, which are interconvertible. Upon
cooling, the mixture transforms in structure continuously from
the strongly-distorted form to the tetrahedrally-ordered one,
whereas thermodynamic response functions of the mixture, such
as isothermal compressibility and isobaric heat capacity, exhibit
maxima as the fractions of the two forms are almost equal
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[16,20]. By increasing pressure, the loci of these thermodynamic
maxima merge on a single line, referred as the Widom line (WL)
[21], in the P-T plane. The WL approaches to a critical point, near
which the thermodynamic maxima diverge. Above the critical
pressure, the two forms of local structure segregate into two meta-
stable phases separated by a coexistence line [22]. The two phases
are referred as low-density liquid (LDL) and high-density liquid
(HDL), which correspond to two basins in the free energy surface
of metastable water [23]. The coexistence line of the two liquids
is an extension of the first-order phase transition between their
counterparts, low-density and high-density amorphous ices
observed in laboratories [24].

Embedded in deeply supercooled regime, the liquid-liquid crit-
ical point (LLCP) of supercooled water is inaccessible experimen-
tally, and its existence is only predicted by simulations for a few
models with rigorous analyses for criticality [25,26]. So, the LLCP
scenario of supercooled water is still hypothetical [9]. Recently,
the water-droplet experiment at AP shows maxima in isothermal
compressibility and correlation length of deeply supercooled water
at 229 K [27], indicating the existence of the WL. The appearance of
these maxima is associated with the fast growing of tetrahedral
order in water structure, extending up to the second hydration
shell of a molecule [28,29]. Furthermore, the isobaric heat capacity
of water droplet also displays a maximum at 228 K [30], and the
LLT of supercooled water is illustrated experimentally [31].

On dynamic aspects, the self-diffusion coefficient of super-
cooled water at AP exhibits a power-law temperature dependence
with a singularity near 228 K [2,4], like the observed behaviors of
thermodynamic responses. By molecular dynamics (MD) simula-
tions [32-36], the power-law behavior also reflects on relaxation
time of translational dynamics in mild supercooled water. In rela-
tion to thermodynamics, a semi-empirical scaling relationship
between diffusion coefficient and excess entropy has been pro-
posed for many liquid systems [37-42], where excess entropy is
related to structural correlation due to molecular interactions. In
the last decade, a relationship to excess entropy has been extended
to relaxation time of liquid dynamics [43,44]. Recently, the rela-
tionship was found to work for translational dynamics in super-
cooled water above the WL, with the excess entropy replaced by
its two-body contribution [45,46].

In this paper, we investigated the tetrahedral structure, up to
the second hydration shell, of supercooled water at AP, and its
influence on relaxation times of dynamic properties, including
translational molecular motions, the non-Gaussian parameter
[47], and the polarizability anisotropy dynamics, where the last
one can be measured by the time-resolved optical-Kerr-effect
spectroscopy [48], which provides an indication for two distinct
local structures in supercooled water [12]. All results studied were
compared between TIP4P/2005 [49] and SPC/E [50] water models:
The former shows stronger tetrahedral order in local structure and
possesses a LLCP, which is accessible by simulations recently [26],
whereas the latter exhibits weaker tetrahedral order and has no
strong evidence for the occurrence of a LLCP [51,52]. To examine
the polarizability anisotropy dynamics, we amended the two water
models with the same collective polarizability model [53] for
assuring that their differences in the related dynamics come from
the distinction between their local structures.

All investigated relaxation times of supercooled water above
the WL were found to show a power-law temperature dependence
and their inverses exhibit exponential functions of the two-body
excess entropy of water structure. At room temperatures, the
two-body excess entropy is resulted from the excluding effect
due to molecular size and the local order of molecules within the
first hydration shell. As the tetrahedral order is developed in space
at supercooled conditions, extra contributions come from molecu-
lar order in the second hydration shell and vacancies around inter-
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stitial sites in 3D tetrahedral structure [54]. The paper is organized
as follows: Section 2 describes the background of water dynamics
and the two-body excess entropy. In Section 3, MD simulations of
the two water models are portrayed. The tetrahedrality of water is
illustrated for global liquid and for local structure. In Section 4,
relaxation times and stretched exponents describing dynamic
relaxations are scrutinized. The functions of inverse relaxation
times varied with the two-body excess entropy are presented. Con-
clusions of our studies are given in Section 5.

2. Background of water dynamics

For many years, water dynamics has been a topic of research by
experiments and numerical simulations. Above the melting point,
the single-molecule translational motion in water, mostly associ-
ated with its O-atom, is ballistic initially but then changes to a ran-
dom behavior through innumerable collisions with other
molecules. The random motions cause liquid diffusion and the lig-
uid dynamics entering the diffusive region is referred as the o-
relaxation, On cooling into the supercooled regime, a molecule
after the ballistic motion is trapped for a period in a transient cage
formed by its neighbors and the liquid dynamics within this period
is referred as the B-relaxation. The molecular trap is referred as the
cage effect, where its influence on ultrafast water dynamics has
been studied recently by coherent X-ray scattering [55]. The
trapped molecules eventually escape out of their cages through
structural relaxation and their motions become diffusive. On the
other hand, the polarizability anisotropy dynamics of an
asymmetric-molecule liquid is associated with the change in off-
diagonal elements of its collective polarizability tensor, caused
by reorientations and translations of molecule [48], and the related
dynamics provides information on collective orientational dipole
relaxation and low-frequency intermolecular vibrations [56-58].

The properties of water dynamics to be studied are described in
the following:

A. The self-intermediate scattering function (SISF) [59]

1 & a7
Fi(g. ) =g Qe ), (1)
i=1

— —

where AT;(t) = Ti(t) — T:(0) is the displacement of O-atom in
the i-th molecule at time t and N is the total number of molecule.
The brackets in this paper denote an ensemble average at a ther-
modynamic state. For supercooled water above the WL, the SISF
can be depicted by the ideal mode-coupling (MC) theory [60] and

is given as
£\ B
+Aexp|— <—> , (2)
Tu

where the first term describes the initial ballistic motions of
molecule and the second term portrays the long-time decay of
the a-relaxation. A, is determined by the plateau of the SISF asso-
ciated with the p-relaxation. For water, the a-relaxation time 7, is
short at room temperatures but extremely long in deeply super-
cooled regime, overall displaying an inverse-power temperature
dependence above the WL.

B. The non-Gaussian parameter (NGP) [47]

F(@,0) = (1- Ay exp { (Ti)z

1, 3)

4
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where <\A?(t)|l>, with [ = 2,4, is an average of the O-atom dis-
placement of the I-th power. The NGP is the first correction to the
Gaussian approximation of the SISF determined by the mean
(AT®)[), where the Gaussian

square  displacement
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approximation works at short times as well as long times. The time
profile of onc(t) exhibits a significant increase during the g-
relaxation up to a broad maximum, followed by a relatively slow
decay at long time. As approaching to glass transition, the maxi-
mum of anc(t) increases consistently with the growing heteroge-
neous dynamics, where the time ty¢ of the maximum is around
the end of the g-relaxation and displays an inverse-power increase
on temperature upon cooling [33,61].

C. The polarizability anisotropy time correlation function
(PATCF) [56-58]

(M ()T (0))
((M(0)))

where IT,, stands for the off-diagonal elements of collective
polarizability tensor IT. In this work, IT of water is composed of
two parts: the molecular polarizability (MP) and the induced polar-
izability (IP), where the MP is a sum of the intrinsic polarizabilities
of individual molecules and the IP arises from the dipole-induced-
dipole interactions between molecules [53,62,63]. For a liquid of
rigid molecules, the MP is only related to molecular reorientations,
whereas the IP has more relations to translational motions of mole-
cule. For water, W(t) shows a Gaussian decay at short times but
then changes to an oscillatory behavior within a time interval
depending on liquid temperature, where the oscillations are essen-
tially resulted from intermolecular vibrations [64]. At long times,
Y(t) decays slowly and can be portrayed by a stretched exponen-
tial function given as

() = Asexp {— (;) ﬁs} : (5)

N

P(t) = ; (4)

where g, and 7, are, respectively, the stretched exponent and
relaxation time characterizing the polarizability anisotropy relax-
ation. A; is associated with the intermediate-time plateau of W(t)
resulted from the cage effect. g, and 1, differ in value from g,
and t,, respectively, since the PATCF is associated with collective
liquid dynamics [65] but the SISF is related to single-molecule
dynamics. Measured by the time-resolved OKE experiments
[12,66], s of supercooled water shows an inverse-power law on
decreasing temperature.

The inverse-power temperature dependences of 7,, Ts, and Tyg,
with a subscript x as «, s, and NG, respectively, can be commonly
described as

wm=ta(£-1) . 6)

where T, is the singular temperature for the divergence of 7,(T)
and v, is the critical exponent characterizing the divergence. This
inverse-power law agrees the prediction of the ideal MC theory
for fragile liquids [60].

The similar temperature behaviors of the three relaxation times
point to a fundamental origin associated with them. Here, we
assume that the inverse relaxation time 7, '(T) has an exponential
relation to the two-body excess entropy S, per molecule through
the equation [45,46]

7! (1) = B, ™)

where B, and Cy are constants depending on a dynamic process
and kg is the Boltzmann constant. S, is the two-body term of the
multi-particle series expansion of excess entropy Sex =S — Si
[67], where S is the liquid entropy and S is the entropy of a gas
of water molecules without interaction at the same temperature.
Generally, S, is the dominant to Sy, so S,y was simply replaced with
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S, in many studies [42,44,68]. Thus, Eq. (7) is comparable to an
approximation of Rosenfeld relation between diffusion coefficient
and excess entropy [37,38].

In relation to water structure, S, can be evaluated with the
radial distribution function g(r) of O-atom

= -2mp [ (50 Ing() ~ (8() - 1) ®)
0

where p is liquid density. Based on the assumption on relax-
ation time, S, of supercooled water above the WL can be casted
into a logarithmic function of temperature in the formula

S, T
E’"Hln(ﬁ,_])’ 9)

with three parameters #, ¢, and To, where Ty is the lower limit
that the formula is applicable. A combination of the inverse-
power law in Eq. (6) and the assumption in Eq. (7) gives
1 = —In(txByx)/Cx, { =7,/Cx, and Ty = T,. But, we consider them
as fitting parameters for the temperature behavior of S, calculated
via Eq. (8).

In the next section, molecules in simulated water were classi-
fied into HDL and LDL with molecular fractions f,; and f,, respec-
tively, where f, + f, = 1. By considering water as a mixture of
the two types of molecule, indexed with H and L, the two-body
excess entropy of the mixture can be separated into three terms as

HL
S, :fHSSIH +fLSI§L +24/fn LS2 ) (10)

with the pair entropy per molecule given as
sy e :
- 2T fafb/ 8ap (1) In gy (1) — (8p(r) — 1)) dr, (11)
0

where a and b are either H or L, and g, (r) is the partial radial
distribution function of O-atoms belonging to type a and type b
molecules. The formalism in Eq. (10) is similar as that for the struc-
ture factor of a mixture of HDL and LDL given in Ref. [53], and the
three terms in Eq. (10) correspond to the contributions of HDL, LDL,
and their mixing to S,.

3. MD simulation and tetrahedral structure
3.1. MD simulation

We performed MD simulations separately with TIP4P/2005 and
SPCJE force fields by using the package LAMMPS [69]. In simula-
tions of each water model, 864 molecules were confined in a cubic
box satisfied with periodic boundary conditions. The time step of
simulation was 1.0 fs and the shake algorithm was employed to
constrain the geometry of each molecule. The simulation tempera-
ture was controlled through the technique of Nose-Hoover ther-
mostat [70,71]. In the two force fields, the Lennard-Jones (LJ)
potential between O-atoms was truncated at 9 A, and the Columbic
potentials were handled normally within this cutoff distance,
whereas the long-range forces were evaluated by using the parti-
cle-particle and particle-mesh method [72] in an accuracy of 10
4. The system energy and pressure were made up with the long-
range corrections. Both NPT and the NVT simulations were carried
out for each model, where the NPT simulations determined the sys-
tem density at 1 atm and the NVT simulations generated configura-
tions for further analyses. Simulations with TIP4P/2005 force field
were carried out at seven temperatures from 328 to 230 K, whereas
simulations with SPC/E force field were performed at these tem-
peratures and one more at 220 K. The simulation times are given
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in Ref. [64] for TIP4P/2005 model and in Table S1 for SPC/E model
[73].

3.2. Tetrahedral structure of global water

Produced by our NPT simulations, the density-temperature
dependences of SPC/E and TIP4P/2005 models at 1 atm are pre-
sented in Fig. S1 [73]. Our results are consistent with reported data,
where the temperature of maximum density (TMD) of SPC/E model
is close to 240 K and the TMD of TIP4P/2005 model is near 278 K
[74]. With generated configurations, the structure of SPC/E water
at 1 atm was calculated and the results are presented in Fig. 1,
including g(r), coordination number n(r), and structure factor
S(q), where S(q) was calculated from Fourier transform of g(r)
and the coordination number was evaluated with the equation

n(r) = 47tp/;dxx2g(x), (12)

The results regarding the structure of TIP4P/2005 model are
shown in Ref. [64]. The two water models display a similar behav-
ior in g(r) except for numerical differences. With r; and r», the first-
and second-peak positions of g(r), respectively, the ratio r,/r; of
each model is close to ,/8/3, which is the quotient of the edge
length L to the center-to-vertex distance a of a regular tetrahedron.

sfooboo@ g

roooo©o ©
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L L "
220 240 280 230

~ N M 1 N
0 2 4 6 8

Fig. 1. Structure of SPC/E liquid at 1 atm from 328 to 220 K: (a) radial distribution
function g(r) (solid lines) and coordination number n(r) (dash lines), (b) structure
factor S(q). All distributions were calculated for O-atoms. In (a), g(r) and n(r) are
referred to left and right axes, respectively. The vertical dash line indicates the
isosbestic point of n(r) at low temperatures. Solid squares in the inset indicate the
first minimum in g(r). In (b), the up-right inset presents the temperature
dependences of the first-peak position g, (circles) and the second-peak position
q, (squares) of S(q), with g, and g, in the unit of A~!. The lower insets show the
structure of a regular tetrahedron, with the center-to-vertex distance a, the edge
length L = /8/3a, and the tetrahedron height H = 4a/3, which is the distance from a
vertex to an interstitial site (the crossing of green dash lines). The vertex-center-
vertex angle 0 is near 109.47".
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Upon cooling, the second peak in g(r) grows, indicating that mole-
cules in water progressively form tetrahedral structure [28,29],
whereas the first minimum of g(r) descends and its position moves
inwardly as shown in the inset of Fig. 1 (a).

Below the TMD, n(r) shows an isosbestic point, indicating the
invariance of four coordination numbers within the isosbestic-
point distance, which is near the first minimum of g(r). The five
molecules within the first shell form a tetrahedral structure
[75,76] and rearrange their H-bond angles and distances to make
the tetrahedral structure more perfect upon cooling, with a conse-
quence of the decrease in water entropy [77]. Above the TMD, the
tetrahedral structure is distorted by breaking the connecting H-
bonds or the invasion of an interstitial molecule [54].

For SPC/E water at 220 K, the first two peaks of S(q) are located
at ¢, ~1.9 A™! and g, ~3.02 A~!, almost the same positions as
TIP4P/2005 model at 230 K [64]. The two peaks become broader
as increasing temperature, insomuch that the first peak disappears
from S(q) of SPC/E water above 282 K but is still identifiable,
though very weak, in S(q) of TIP4P/2005 up to 328 K. Related to
structure in real space, the first-peak position is approximately
given as q, ~3m/2r1[78]. By considering that the four nearest
neighbors of a molecule form a regular tetrahedron with the
center-to-vertex distance a close to rq, q; can be converted to
27/H, with H = 4a/3 the height of the tetrahedron. Similarly, g,
is roughly given as v67/r;, which is transformed to 47/L, with L
the edge length of the tetrahedron. Hence, the first and second
peaks in S(q) of supercooled water arise, respectively, from density
waves in the direction perpendicular to a triangular facet and par-
allel to an edge of the tetrahedral structure formed by the five
molecules within the first shell of g(r).

Both experimental results [75,76] and our model calculations
indicate that the second peak in S(q) of supercooled water is higher
than the first peak, in a reversed order to the case of simple liquids
[59]. As illustrating in Fig. S2 [73], the first peak in S(q) at 220 K is
mainly contributed from the second shell of g(r), suggesting that it
is important to include the growth of tetrahedral structure (at
least) up to the second hydration shell in the definition of LDL of
supercooled water. This is consistent with the increase in correla-
tion length further than the first hydration shell by decreasing
temperature given in a previous report [79]. However, the second
peak in S(q) is resulted from density waves of shell structure in glo-
bal water so that it has a larger magnitude than the first peak. This
anomaly is a common feature of liquids and amorphous materials
with tetrahedral structure, like C, Si, Ge, SiO,, GeO,, etc. [78]. In
general, the tetrahedral structure creates vacancies near the inter-
stitial sites, which play a role similar as open local structure for
causing the comparable anomaly in structure factors of soft-core
liquids without a tetrahedral-like structure [80,81].

3.3. Locally tetrahedral structure

The structures of SPC/E and TIP4P/2005 models are similar in
the radial direction as viewing from an O-atom in each liquid,
but differ significantly in orientational order in order to elucidate
their density differences at supercooled conditions. The orienta-
tional order of water structure can be described by the tetrahedral
order parameter ¢ defined for the arrangement of a molecule and
its four nearest neighbors [82]. The difference in orientational
order between the two models is illustrated in Fig. 2, where their
distributions Px(¢) of tetrahedral order parameter are shown at
the same temperature and pressure. The comparisons manifest
that at any temperature the local structure in TIP4P/2005 liquid
has a higher tetrahedral order than that in SPC/E; the Px(¢) of SPCE
at 240 K still exhibits a small hump at ¢ ~ 0.5 resulted from strong
distortion in local HB network [53]. This explains why the mass
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Fig. 2. Comparison of the tetrahedral-order-parameter distribution Px(¢) between SPC/E (red solid lines) and TIP4P/2005 (blue dash lines) water at 1 atm: (a) 307 K, (b) 261 K,

and (c) 240 K.

density of SPC/E liquid is greater than that of TIP4P/2005 in the
supercooled regime.

To examine the tetrahedral order within a space up to the sec-
ond hydration shell of a molecule, we classified molecules in our
simulations into two categories: molecules, which and their neigh-
bors up to the second hydration shell all have four H-bond coordi-
nators, and the others, where a HB is defined by geometric
criterions [83]. Classified in this way, the former and latter mole-
cules have lower and higher local densities [17] and, therefore,
are referred as LDL and HDL, respectively. According to this classi-
fication, molecules of LDL and HDL possess locally tetrahedral
structure and locally distorted structure, respectively [17]. By our
simulations, the fractions of LDL and HDL in SPC/E and in
TIP4P/2005 liquids are shown in Fig. 3, in which the crossover of
the two fractions is near 225 K for TIP4P/2005 water, as reported
in Ref. [17], but lower than 220 K for SPC/E liquid.

Shown in Fig. 4 are the partial radial distribution functions
guu(r) and g, (r) of HDL and LDL in SPCJE liquids, respectively,
and the pair correlation g, (r) between the two kinds of molecule,
where a small step at the first minimum of a distribution is due to
the finite cutoff of a H-bond. The similar distributions of
TIP4P/2005 liquid are displayed in Fig. S3 [73]. The sharp first peak
in g;; (r) indicates that the four nearest neighbors of a LDL molecule
are located in a well-defined distance from the central one, reflect-
ing that the tetrahedral structure of LDL is close to a regular tetra-
hedron. The shallow first minimum in gy, (r) manifests that HDL
includes molecules around the interstitial sites. gy, (r) displays
shell structure, but not so sharp as in g;; (r). Similar behaviors in
the partial radial distribution functions are shown for HDL and
LDL defined in a different method [15].

The local environments of HDL and LDL molecules are further
distinguished with order parameters q; and q; defined with the
bond orientational order parameter g, with | =3 [84], where
their definitions are given in Supplementary materials [73]. In
terms of g;,, defined for a molecule and its first four nearest neigh-
bors, g; measures the extent of three-fold orientational symmetry
for structural arrangement within the first shell of a molecule. By a
similar definition with gs,,, which is an average of g;,,, over a mole-
cule and its four nearest neighbors [85], g5 is an average version of
qs by taking into account the second-shell structure, where q; is
similar as qu) in Ref. [86]. Calculated for perfect tetrahedral struc-
tures characterized with full three-fold orientational symmetry,
the upper limits of the two parameters are g; =0.745 and
q; = 0.447.

1 T — r
——g-==A
o=k
P o
-8
08} ,:(/E' [ D - -
> ”
-, 2
2 7
v
Sx
o6k o P - -8 HDL (SPC/E) ]
T o = -m HDL (TIP4P/2005)
- @ -0 LDL (SPC/E)
! 'Y @ -@ LDL (TIP4P/2005)
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N ™
~ o,
0.2} NO\\ e .
g s,
=
=~~28===
0 N " " " 1 " i " " 1 i " " "
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Fig. 3. Fractions of LDL (circles) and HDL (squares) in a water model at 1 atm. The
open and filled symbols are for SPC/E and TIP4P/2005 models, respectively, with the
dash lines guiding the eye. LDL and HDL molecules, indexed with L and H, have
locally tetrahedral and distorted structures, respectively.

Fig. 5 (a) and (b) present, respectively, the distributions of q;

and g; calculated for HDL and LDL in TIP4P/2005 liquid. Generally,
the q; distribution, Pqy(qs), is similar in behavior as Px(&) [86]:
Pq(q;) of LDL has a narrow width with a peak close to its upper
limit, indicating that the first-shell structure of LDL has a higher
three-fold orientational symmetry, whereas the distribution of
HDL is more spread and shows a hump near g; =~ 0.4, revealing a
lower three-fold orientational symmetry within the first shell of
HDL. The temperature variation of Py(q;) is similar as Px(&) of
LDL and HDL classified with another definition [53]. By including

the second hydration shell, the behavior of the g, distribution,
Pé <é3> is different from that of Py (q;), by displaying a more sym-
metric function about its maximum around g; ~ 0.2. Upon cooling,
PQ ((}3) of the global liquid shifts toward its upper limit and
becomes somewhat broader due to the developed tetrahedral
order in local structure. At each temperature, thePé (&3> distribu-
tions of LDL and HDL strongly overlap, with the peak of LDL at a

slightly higher g, and their behaviors are similar as the q(;) distri-
butions of ST2 water at temperatures below and above its liquid-

liquid transition line [86]. The difference in Pé (fh) between HDL
and LDL reveals that their local structures up to the second
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hydration shell are distinct in the three-fold orientational symme-
try, which is a typical feature of a tetrahedron. In a remark, another
parameter to distinguish HDL and LDL is related to the torsion via
the dihedral angle of two tetrahedral water molecules connected
with a H-bond [87], but this approach is beyond the scope of this
paper.

4. Relaxation of water dynamics

4.1. Temperature dependence

Displayed in Fig. 6 are dynamic properties of SPC/E water at
1 atm, including the SISFs F(q,t) evaluated at q, and at g, of

8 ' r
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S(q), the NGP anc(t), and the PATCF ¥(t), where Fs(q, t) at g, above
282 K was calculated with g, of 282 K due to the first-peak disap-
pearance from S(q). The corresponding dynamic properties of
TIP4P/2005 water are presented in Fig. S4 [73]. In Fig. 6 (a), the
SISFs at g, were fitted by using Eq. (2). For the SISFs at q,, the first
term in Eq. (2) only gave an approximation at short times [32];
however, the behavior at times over 0.3 ps can be fitted by using
the second term, with A, set at 0.5 ~ 0.6, and the results are shown
in Fig. 6 (b). In Fig. 6 (d), the PATCFs at times over 0.2 ps were fitted
by using Eq. (5). Through the fitting, the stretched exponents and
relaxation times of these dynamic properties were obtained.

The wavevector g that the SISF is calculated selects a length
scale 27/q to measure local structure of a liquid. Within a domain
of this length scale, the random motions of particles at long times
result in a single exponential decay of the SISF evaluated for the
particles inside. However, different domains of this length scale
in a liquid give rise to relaxation times varying with local environ-
ments, and the SISF of the liquid is a sum of multiple exponential
functions, where the sum yields a stretched exponential function
with an exponent g, characterizing the structural heterogeneity
in this length scale. This stretched exponential decay is referred
as the spatially heterogeneous dynamics [88]. For water, the length
scale determined by the first peak of S(q) is roughly the height H of
a tetrahedral unit in the HB network, and the length scale deter-
mined by the second peak is nearly a half of the edge length L of
the tetrahedral unit, where H is comparable to the distance at
the first minimum of g(r) and L/2 is slightly shorter than the
first-peak distance ry.

Fig. 7 shows the temperature dependences of the stretched
exponents f, of the SISF and B, of the PATCF, in comparisons
between SPC/E and TIP4P/2005 models. At any temperature, f, at
g, has a smaller value than that at q,, because local structure is
more heterogeneous as viewed in a shorter length scale. At the
same ¢, f,, of TIP4P/2005 is smaller than that of SPC/E, for the struc-
tural heterogeneity of TIP4P/2005 liquid is stronger due to its
higher tetrahedral order. At temperatures above 282 K, our results
indicate that for both models g, decreases with temperature, sim-
ilar as the predictions of previous simulation studies [32-34]. At
such high temperatures, the LDL molecules are rare and the num-
ber of their clusters is quite low [17] so that their effects on local
structure can be negligible and water can be considered as a
“one-component” liquid dominated with HDL. The enhancement
of structural heterogeneity in this temperature range is due to
the reduction in molecular thermal motions.

— LDL328K 8
sH LDL 282K o
— LDL250K
—  LDL230K .
° HOL 328K o
HDL 282K ” /
HDL 250K ¢
e  HDL 230K

AR
01 02 03 04.05

0 0.1 0.2 0.3 0.4 0.5

Fig. 5. Distributions of g, (a) and g5 (b) calculated for HDL and LDL in TIP4P/2005 water at 1 atm. The dots and solid lines of each color represent the distributions of HDL and
LDL at a temperature, respectively, with each distribution normalized to one. In each panel, the inset shows the corresponding distribution of all molecules in the liquid, with
the arrow indicating the trend by lowering temperature. The vertical dotted lines in (a) and (b) indicate the upper limit of each order parameter, which is at g; = 0.745 and

q; = 0.447 for perfect tetrahedral structures.
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Fig. 6. Dynamic properties of SPC/E liquid at 1 atm with temperature varied from 328 to 220 K: (a) the SISF F;(q, t) at q,, (b) the SISF Fs(q,t) at q,, (c) the NGP anc(t), (d) the
PATCF ¥(t). The solid lines in color are simulation results. The black dash lines are the fitting results by using a function: in (a), Eq. (2) for the full time range; in (b), the second
term in Eq. (2) with A, set at 0.5 ~ 0.6 for times over 0.3 ps; in (d), the stretched exponential function in Eq. (5) for times over 0.2 ps.

Indicated by our results, the variation of g, below 282 K dis-
plays a small peak in each curve of g, and q,, though very weak
in the g, curve of SPC/E model, where the peak occurs near
230 ~ 240 K for SPC/E model and near 250 K for TIP4P/2005 model.
For both ¢, and g,, the peak of TIP4P/2005 liquid is more substan-
tial than that of SPC/E [89]. Near the peak temperature, the LDL
molecules in each liquid increase to an amount about one fourth
of its total but the number of the LDL clusters decreases so that
the structural heterogeneity is somewhat reduced. This partial
change from HDL to LDL gives rise to the peak observed in the
temperature variation of f,. Notice that this peak appears at a
temperature above the WL and its appearance is distinct from
the so-called fragile-to-strong liquid transition [21,90], which
occurs near the WL as the fractions of HDL and LDL are almost
equal. For SPC/E water above 240 K, its average density still
increases with decreasing temperature. This density increase com-
pensates some of the thermal effect so that the structural hetero-
geneity in the length scale of g, is reduced mildly in SPC/E liquid,
with a result that only a weak peak is observed in the curve of
B, At temperatures beyond the peak, the LDL molecules become
essential in the HB network and by lowering temperature the ther-
mal effect plays a role again on the increase of structural hetero-
geneity, which causes g, to descend.

Shown in Fig. 7 (b), g is generally insensitive to temperature for
both models, where its average value is near 0.7 for SPC/E model
and 0.68 for TIP4P/2005 model, with an error bar of SPC/E some-
what larger than that of TIP4P/2005. The insensitivity of , on tem-
perature is consistent with the observation of supercooled water,

where the experimental value of g is about 0.6 [12,66]. By compar-
ing B, and p,, some remarks can be made. First, in deeply super-
cooled regime, the average value of g, is more close to j, at g,
rather than at g,. Secondly, owing to a similar behavior of g
between SPC/E and TIP4P/2005 models, B, is conjectured to be
insensitive to tetrahedral order in water structure but related to
the correlation length of the anisotropy collective polarizability,
comparable to the length scale of g,. The result is consistent with
the low collective character of the PATCF [65].

For both water models, the temperature dependence of
dynamic relaxation times 7, can be fitted by using the inverse
power law in Eq. (6), with parameters 7y, Ty, and y, given in
Table 1, where the data of 7, at g, for TIP4P/2005 liquid are close
to the values reported in Ref. [17]. The singular temperatures T
obtained from each fitting are within a range of 5 K, which is
212 ~ 217 K for TIP4P/2005 liquid and 191 ~ 196 K for SPC/E liquid,
except for Tyc ~ 200K of SPC/E. For each model, T, is lower than
the WL temperature estimated from the equivalence of the LDL
and HDL fractions in Fig. 3. T, of SPC/E liquid is lower than that
of TIP4P/2005; this is consistent with that the melting temperature
and TMD of SPC/E are lower than the corresponding values of
TIP4P/2005 [74]. Based on the MC theory [60], the singular temper-
ature is due to frozen cage structure.

The validation of the inverse power law for relaxation time is
shown in Fig. 8 by the log-log plot of 7,/ versus T/T, — 1, where
the slope of each fitting line gives the critical exponent 7,. Besides
Yne» Vx Of each model liquid fall in a range, which is 2.6 ~ 3.0 for
SPCJE liquid but 2.0 ~ 2.55 for TIP4P/2005 liquid. The different
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Fig. 7. (a) The stretched exponent g, of the SISF F¢(q,t) at q, (circles) and at q,
(squares) of 5(q), (b) the stretched exponent j; of the PATCF ¥(t). The black open
and red filled symbols are for SPC/E and TIP4P/2005 models, respectively. In (b), the
dash lines indicate the average of ; with an error bar, which is ; = 0.70 + 0.03 for
SPC/E model and ; = 0.68 £ 0.02 for TIP4P/2005 model.

ranges of the two models indicate that the critical exponent 7, of
water dynamics has some relation to its local structure. y, at q,
is less associated with water structure than y, at g,, because the
length scale of q, is longer than that of g,. This gives a general
trend that the difference in 7, between SPC/E and TIP4P/2005 mod-
els is enlarged, as the measuring length scale is shortened, where
the difference of y, at q; between them is within 0.1 but that of
Y, at g, is about 0.5. For the polarizability anisotropy relaxation,
the difference in ), between the two models is as large as 0.85.
In a previous study [53], y, is more associated with the induced
polarizability of supercooled water, which is resulted from the
dipole-induced-dipole mechanism and significantly enhanced by
local structure in high tetrahedral order. Thus, y, is probably
related to the tetrahedral order of water structure. For the maxi-
mum of the NGP, y,. is almost the same for the two models and
has a value smaller than other critical exponents studied. Perhaps,
the NGP has no specific length scale as for a time correlation func-
tion so that y,. is relatively insensitive to water structure; how-
ever, this needs further investigations.

Table 1
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4.2. Relationship to two-body excess entropy

Presented in Fig. 9 (a) are the two-body entropies S, of the two
models calculated with g(r) via Eq. (8), where the integration
should start from the lower limit at r = 0 so that the radial region
with g(r) = 0 as shown in Fig. S5 [73] yields a nonzero constant to
the integration. Physically, this constant to S, is due to the
excluded volume effect of the L] repulsive core between O-atoms.
In addition to this constant, S, at 328 K arises mainly from the local
order of molecules within the first shell of g(r). At 220 K, besides
the two contributions at high temperatures, extra inputs come
from molecular ordering in the second hydration shell and vacan-
cies associated with the first and second minima of g(r), where the
vacancies are generally related to the interstitial sites in 3D tetra-
hedral structure.

At any temperature, the S, value of TIP4P/2005 is lower than
that of SPC/E. For each model, the temperature variation of S,
was well fitted by using Eq. (9), with parameters given in Table 2.
The singular temperature Ty, at which S, diverges logarithmically,

Parameters of the inverse power law in Eq. (6) for relaxation times: 7, of the SISF, 7; of the PATCF, and 7yc at the maximum of the NGP. All relaxation times were calculated for
each model at 1 atm. The SISFs were evaluated at g, and q,, the first- and second-peak positions of structure factor S(q), respectively. T, and Ty are in the unit of ps and Kelvin,

respectively.

Model SISF PATCF NGP
Ta0 Ty Ya Tso Ts ¥s TNG, Tne YNG
SPC/E q, 0.156 196 261 0.172 191 2.87 0.246 200 1.72
q, 0.055 191 2.98
TIP4P/2005 q; 0.104 212 2.53 0.188 217 2.01 0.191 216 1.70

q, 0.036 212 2.49
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Fig. 9. (a) Two-body excess entropy S, as a function of temperature for SPC/E (open black circles) and TIP4P/2005 (open red squares) water systems at 1 atm. (b) Comparison
of S, with experimental data. The open symbols were S, calculated via Eq. (8) for water model systems and the dash lines are the corresponding fitting by using Eq. (9). The
maroon crosses were evaluated with experimental densities and the O-O radial distribution functions of real water at 1 bar and T = 254.2, 277.1 and 342.7 K [75]. The inset in
(a) shows the plot of S, as a function of In (T/T, — 1), with the dashed lines indicating the linear fitting. In (b), the filled symbols are experimental data taken from Ref. [91] for
Angell data (orange squares) and from Ref. [30] for Nilsson data (blue circles) measured recently by the ultrafast calorimetry, where the green dash line is the fitting by using a
function given in Eq. (S7) [73]. To compare their temperature dependences, all data sets of excess entropy have been shifted by a constant so that their zeros are all located at

temperature T,f = 270K.

Table 2
Parameters of two-body excess entropy S,in Eq. (9).
Model n 14 To(K)
SPC/E -1.3184 0.5768 190
TIPAP/2005 -1.2786 05114 215

falls into the range of T, associated with dynamic properties stud-
ied, suggesting that Ty and T, have the same origin, frozen cage
structure. Fig. 9 (b) shows the comparison of S, with the excess
entropy of supercooled water measured experimentally with
respect to its ice crystal [30,91]. The experimental data of excess
entropy can be fitted by using a function given in Eq. (S7) 73], sim-
ilar as Eq. (9) but having an extra linear term of temperature,
which might be related to the reference state that the experimental
excess entropy is defined with. The experimental excess entropy
also shows a logarithmic divergence at To near 225 K, close to
the temperature of the maximum isobaric specific heat detected
by the ultrafast calorimetry [30]. The experimental Ty is 10 K above
that of TIP4P/2005 water but 35 K above that of SPC/E model, indi-
cating that the former is a more appropriate model to describe
supercooled water. The two-body entropies S, of real water at
three temperatures were evaluated with experimental densities
and the O-O radial distribution functions g(r) [75], which are
shown in Fig. S7 [73] in comparison with those of the two water
models. The experimental S, is higher than those of the two water
models (but smaller in absolute value), because the experimental
g(r) has a lower and broader first peak, increasing the pair entropy
due to more disorder in molecular arrangement within the first
shell relative to a central one.

In order to compare the temperature dependence of excess
entropy, all data set in Fig. 9 (b) have been shifted by a constant
so that their zeros are all located at a reference temperature. The
two model calculations are deviated from the experimental data,
with the calculation of TIP4P/2005 model more close to the data
than the SPC/E one. The difference between the experimental data
and the model calculation arises from the approximations used in
the latter, which involves only the two-body contribution due to

translational motions, whereas beyond this approximation, addi-
tional contributions possibly come from orientational motions of
molecule [92] and the n-body terms, with n > 2, in the multi-
particle series expansion of excess entropy [67]. By considering
S, of real water as a linear function within the range from 254.2
to 277.1 K, the temperature variation of experimental S,, after
shifting by a constant as shown in Fig. 9 (b), almost agrees with
that of TIP4P/2005 water within this temperature range.

In Fig. 10, the inverse relaxation times 7! of dynamic proper-
ties are plotted as functions of S, for each model, where each 7!
was fitted by using Eq. (7) with B, and C, given in Table 3. The
results of the two models are similar, with the curves of
TIP4P/2005 shifting toward lower excess entropy. This reflects that
the dynamic relaxation in TIP4P/2005 liquid takes a longer time
than that in SPC/E liquid, because the higher tetrahedral order in
TIP4P/2005 water makes its local structure more persistent. Based
on the results in Fig. 10, the inverse relaxation times associated
with the SISF, the PATCF, and the NGP of water dynamics can be
portrayed as exponential functions of S,, revealing that the
dynamic relaxation of supercooled water at AP and above the WL
can be described by the excess entropy of its structure.

For both models, the curve of 7,! at g, is similar as that of 7,7,
indicating that the two relaxation times are of the same order of
magnitude and have the same dependence on excess entropy.
This is intriguing, because 7, is only related to molecular transla-
tional motions but 7, is associated with both translations and
reorientations of molecule. Studied with TIP4P/2005 model [93],
diffusion coefficients individually associated with translations
and reorientations of molecule are decoupled in deeply super-
cooled regime and violate the Stokes-Einstein relation and the
Stokes-Einstein-Debye relation, respectively. Indicated by a recent
experiment [94], the violation of the Stokes-Einstein relation is
more significant; this violation is attributed to translational jump
motions, signified by another simulation study with TIP4P/2005
model [95].

The curve of 7, at q, in Fig. 10 shifts upwardly relative to that
of T;! at q,. Generally, 7, of the SISF is proportional to S(q)/q? [35]
S0 T, at g, is shortened as compared with that at g,, though the
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Fig. 10. Inverse relaxation time 7, ! versus two-body excess entropy S, for SPC/E (a)
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(crosses), T;! of the PATCF (circles). The values of S, are the data given in Fig. 9 (a).
The dashed lines are the fitting results by using Eq. (7).

second peak of 5(q) is higher. However, the case of 73! is naive. For
both models, the fitting line of 75! has a slope smaller than those of
7! at ¢, and at g, and, therefore, intersects with them at higher
and lower S,, respectively. Thus, txc is of the order of 7, at g, at
high temperatures but comparable to 7, at g, at supercooled con-
ditions. This is consistent with that the maximum of the NGP
occurs around the end of the g-relaxation, which period substan-
tially increases in time with decreasing temperature [33].

With the partial radial distribution functions shown in Fig. 4
and Fig. $3 [73], the pair entropies S, S, and Si* were calculated
via Eq. (11), and the results of SPC/E and TIP4P/2005 models are
shown in Fig. 11 (a) and (b), respectively. Both S5* and S5* decrease
monotonically with temperature, indicating that the structure of
LDL becomes more stabilized as decreasing temperature. S" is less
sensitive to temperature but displays a shallow minimum roughly
at TMD, implying that S5 is more related to liquid density. As
shown in Fig. S6 [73] for SPC/E liquid at 220 K, the molecular order-
ing in the second shell of g, (r) and g, (r) makes a contribution to
SHH and S, respectively, whereas vacancies near the interstitial
sites in tetrahedral structure sustained by LDL and its mixing with
HDL contribute S5 and S, separately.

Journal of Molecular Liquids 341 (2021) 117269

Presented in Fig. 11 (c) and (d) are the contributions of HDL,
LDL, and their mixing to S,. At high temperatures, the HDL contri-
bution dominates S,. Due to the decrease of f,; on cooling, the HDL
contribution becomes less and less in its absolute value (AV) so
that its curves in Fig. 11 (c) and (d) look ascendant for their nega-
tive values, where the AV of TIP4P/2005 water is smaller than that
of SPC/E. The contributions of LDL and the mixing decrease mono-
tonically with temperature, with their AVs increasing, where their
temperature dependences can be fitted by using Eq. (9) as well.
Near the WL, the contribution of the mixing becomes significant
for almost equal fractions of HDL and LDL.

In summary, the two-body excess entropy of supercooled water
above the WL exhibits a logarithmical temperature behavior
diverging at a temperature below the WL, and the dynamic relax-
ation times display a power-law temperature dependence as the
prediction of the ideal MC theory for fragile liquids. In reality,
the relaxation time of supercooled water confined in silica nano-
pores changes from the power-law temperature dependence to
an Arrhenius behavior as for strong liquids below the WL [96],
where molecular hopping by thermal activation becomes the dom-
inated relaxation mechanism [90]. Thus, below the WL, the ideal
MC theory fails for describing the relaxation time of supercooled
water, which is, therefore, unable to be formulated as an exponen-
tial function of two-body excess entropy.

5. Conclusions

In this paper, we have investigated the tetrahedral structure up
to the second hydration shell of supercooled water at AP and its
effects on dynamic relaxation by comparing simulation results of
TIP4P/2005 and SPC/E water models. The tetrahedral structure of
supercooled water is characterized with the second-peak maxi-
mum and a deep first minimum in the radial distribution function
g(r) of O-atoms and the reverse order in magnitude of the first two
peaks in structure factor S(q). The first peak q, of S(q) is mainly
contributed from the second shell of g(r) and the second peak g,
is associated with O-atom density fluctuations caused by the shell
structure of g(r). In 3D, the tetrahedral structure creates interstitial
vacancies, which play a role analogous to open local structure
responsible for the similar anomaly observed in structure factors
of soft-core liquids [80,81]. In our analyses, LDL of supercooled
water is specified by molecules, which and their neighbors up to
the second hydration shell all have four HB-coordinators, and the
other molecules are referred as HDL. At temperatures studied,
HDL is dominated in the whole liquid and the fraction of LDL is
higher in TIP4P/2005 liquid than in SPC/E.

The studied dynamic properties of water include the SISF, the
NGP, and the PATCF. The stretched exponents B, and g, character-
izing the long-time decay of the SISF and the PATCF, respectively,
were obtained from simulations. For both water models, our
results indicate the temperature dependence of g, displays a small
peak above the WL. The appearance of this peak is attributed to a
partial change from HDL to LDL on cooling, as the LDL fraction
reaches roughly one fourth of the total in a result of a slight
decrease in structural heterogeneity. f; of the two models were

Table 3
Parameters of the inverse relaxation time 7, as an exponential function of S, in Eq. (7). By is in the unit of ps~! and given in its logarithmic value.
Model 7! 7! Tl
InB, Cy In B Cs InByg Cng
SPC/E a 7.8167 4.7538 7.7907 4.7963 5.4702 3.3002
az 9.6420 5.2040
TIP4P/2005 aq 7.7295 4.4287 7.6104 4.2979 53413 3.1104
a4z 9.5185 4.8127
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Fig. 11. Partial entropies 5;” of HDL, LDL, and their mixing (upper panels), and their contributions to two-body excess entropy S, (lower panels). The left and right columns are
for SPC/E and TIP4P/2005 models at AP, respectively. sgb was calculated via Eq. (11) with the partial radial distribution functions g, (r) shown in Fig. 4 and Fig. S3 [73]. The
contributions to S, were obtained by multiplying Sgb with a factor x4, which is fy;, f;, and 2/f,f, for HDL (circles), LDL (squares), and the mixing (triangles), respectively, with

fy and f, presented in Fig. 3. The dash lines guide the eye for each data set.

found to be insensitive to temperature and both have an average
value higher than the experimental data [12,66]. According to
our data, g, has a value more close to g, at q,, rather than at ¢,
in deeply supercooled regime, indicating that the collective polar-
izability anisotropy of water has a correlation length comparable to
the length scale of g,, which is slightly smaller than the first-peak
distance of g(r).

The relaxation times of the SISFs at g, and g,, the PATCF, and the
maximum of the NGP all display a power-law temperature depen-
dence, with their singular temperatures coincident within a range
of 5 K, which is below the WL. Besides y,, the critical exponent y,
characterizing the relaxation time divergence has some relation
with local structure and depends on water model, with the SPC/E
values higher than the TIP4P/2005 ones in general. As the length
scale measuring local structure is shortened, y, of the o-
relaxation increases with structural heterogeneity and its differ-
ence between the two models is enlarged. For the polarizability
anisotropy relaxation, ), is related to tetrahedral structure of water
and its difference between the two models is larger than the differ-
ences of y, at q; and at q,, with y, of TIP4P/2005 liquid more close
to the data of supercooled water [12]. For the NGP, y,. is almost
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the same for the two models, indicating its low association with
water structure.

Our results indicate that all inverse relaxation times of super-
cooled water above the WL can be portrayed as exponential func-
tions of two-body excess entropy S, due to translational motions,
where S, displays a logarithmical divergence at a temperature
close to that of relaxation time. At high temperatures, S, is resulted
from the exclusion volume occupied by a molecule and the tetra-
hedral order of molecules within the first shell of g(r). In the super-
cooled regime, extra contributions come from the tetrahedral order
extending up to the second hydration shell and vacancies near
interstitial sites in the structure sustained by LDL and its mixing
with HDL. Near the WL, the mixing of HDL and LDL contributes
to S, significantly. The formulism based on two-body excess
entropy is applicable for describing dynamic relaxation times of
water at AP and above the WL, where HDL is dominated and the
density variation of the whole liquid is small. But, in the density
region, where the tetrahedral structure makes its thermodynamic
anomalies significant, the dynamic relaxation of water is described
by other approach, like the Adam-Gibbs relation [97], which has
been tested for TIP4P/2005 and SPC/E water models [98,99].
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